Abstract. The aim of this paper is to discuss a uniqueness property for Sobolev functions with certain condition on area integrals.
Introduction and statement of results
In 1950, Tsuji [13] discussed a uniqueness property for analytic functions on the unit disk with certain condition on area integrals. His result has recently been extended in several manners (see Jenkins [5] , Koskela [7] , Miklyukov-Vuorinen [8] and Mizuta [11] ). In this paper we further extend those results in the weighted case. where the infimum is taken over all functions u A C y c ðDÞ such that u b 1 on K; here C y c ðDÞ denotes the space of infinitely di¤erentiable functions with compact support in D. We extend the capacity cap p; m ðÁ; DÞ in the usual way (see Heinonen-Kilpeläinen-Martio [4] ). In case m is the Lebesgue measure in R n , ðp; mÞ-capacity will be called p-capacity. We say that a set E H R n has ð p; mÞ-capacity zero if the unit ball B in R n , which approaches zero in the weak sense for a set in qB of positive p-capacity, is identically zero provided that ð B u; e j'uðxÞj p dx a Ce p log 1 e pÀ1 for all 0 < e < 1=2, where B u; e ¼ fx A B : juðxÞj < eg. Recall that u approaches zero in the weak sense for a set F H qB if for each x A F and all rectifiable curves g in B terminating at x there exists a sequence of points in g for which u tends to zero. In view of [7, Remark (3) 
Our aim in this paper is to show the following theorem. 
Remark 1. The existence of boundary limits was studied by many authors. Carleson [2] showed the existence of nontangential limits for harmonic functions in weighted Sobolev classes in connection with the convergence property of Fourier series. We know that a locally p-precise function u on D satisfying ð D j'uðxÞj p dmðxÞ < y has a finite limit along ðp; mÞ-a.e. curve g A L D ðqDÞ, which is denoted by uðgÞ (see e.g. Ohtsuka [12] , Väisälä [14] , Vuorinen [15] and Ziemer [16, 17] ). Here we note that u tends to zero along ðp; mÞ-a.e. curve g A L D ðF Þ if u approaches zero in the weak sense for a bounded set F H qD.
Remark 2. The boundary uniqueness for analytic functions f on the unit disk U H C (complex plane) with j f 0 j A L 2 ðUÞ was first studied by Tsuji [13] . Mizuta [11] treated p-precise functions u A W 1; p ðBÞ, whose extension u Ã to R n vanishes on a set F H qB of positive p-capacity. We see that u tends to zero along p-a.e. rectifiable curve g A L B ðF Þ and M p ðL B ðF Þ; BÞ > 0 (cf. Remark 1 and Lemma 7). Recently, Miklyukov-Vuorinen [8] has extended these results to a bounded domain in the non-weighted case.
For dmðxÞ ¼ oðxÞdx with oðxÞ ¼ j1 À jxj j a dx, À1 < a < p À 1, we consider a locally p-precise function u on B satisfying ð B j'uðxÞj p dmðxÞ < y:
In view of [9] , we can find a ð p; mÞ-precise extension u Ã on R n such that u Ã ¼ u on B and
Note that u Ã is uniquely determined on B except for ðp; mÞ-capacity zero.
Corollary 1. Let j be as in Theorem 1 and À1 < a < p À 1. Let u be a locally p-precise function on B satisfying ð B u; e j'uðxÞj p ð1 À jxjÞ a dx a e p jðeÞ for every e > 0: ð2Þ
Our theorem is sharp, as the following result shows. First we collect several lemmas from Ohtsuka [12] , whose proofs will be given for the reader's convenience.
Let us begin with the following lemma. (iv) E has p-capacity zero.
Proof. Clearly (i) is equivalent to (ii). Since the equivalence of (i) and (iv) can be carried out in a way similar to that of [16 ðDÞ U GÞ has a curve g terminating at x A E, then there exists a point y A E D ðhÞ V g. Since g is rectifiable and Ð g h ds < y, two points x and y are h-equivalent, so that x A E D ðhÞ. This gives a contradiction by (iii). The converse is evident.
Here we prepare the following technical lemma needed for the proof of Theorem 1. 
where h is as in Lemma 6 and w G j denotes the characteristic function of
Then we have by (1) and (h2) 
Proof of Corollary 1
The Riesz capacity of index ðb; pÞ is denoted by C b; p ; for its definition we refer the reader to [10] . Now Corollary 1 is obtained from Theorem 1 and the following lemma. This implies that F H K and (c) follows.
Remark 3. Let D be a bounded ðe; dÞ domain in R n due to Jones [6] and denote by r D ðxÞ the distance of x A R n from the boundary qD. In view of
Chua [3] , if r D ðxÞ a is in the Muckenhoupt class A p , then every locally p-precise
Hence Corollary 1 is also valid for every bounded ðe; dÞ domain in R n .
Proof of Theorem 2
For a proof of Theorem 2, we need the following lemma. where s n denotes the surface area of the unit sphere and M is a positive constant independent of e. If we take C such that s n C aÀpþ1 M ¼ 1, then u satisfies (3).
